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STOCHASTIC GEOMETRY

WITH APPLICATIONS TO RWER NETWORKS

Chapter 1: Introduction

Since its introduction by Shreve (1966), the random topology model has been the

focal point for work on river network geomorphology. Indeed, it has come to be known

simply as the random model. Under this model, one first defmes the magnitude of a tree

graph and each of its edges (see p. 7). It is then postulated that for a network of fixed

magnitude, m, all topologically distinct channel networks (TDCNs) of this size are

equally likely to occur. Its popularity has been deserved in that it has helped to explain

several empirical observations for rivers. For example, it allows the Horton-Strahier law

of stream numbers to be obtained as a maximum likelihood event and as a law of large

numbers parameter: see Gupta and Waymire (1989) and references therein.

It is interesting to note that while Horton ratios have been used in practice to provide

estimates of total channel length (see Leopold (1962)), only recently have results on
statistical fluctuations in these ratios been obtained: see Gupta and Waymire (1989),

Wang and Waymire (1989). Nevertheless, very little is known about the accuracy of
such total channel length esimates based on Horton statistics. The main channel length

versus network size has been studied somewhat more extensively from empirical and

mathematical points of view. On the empirical side, the main result is the so-called
Hack's law which relates main channel length to a power (Hack exponent) of network

magnitude. The precise nature of the Hack exponents which are possible are now known
up to the distribution of link lengths as a result of recent papers by Gupta, Mesa,
Waymire (1990), and Durrett, Kesten, Waymire (1990). This, in fact, provides the point
of departure for this thesis.

Despite its successes, the random topology model can tell us nothing about the spatial

character of a river. One cannot derive link length distributions, junction angle
distributions, nor the distribution of any other metric quantity from the model. Only a
small part of the "information content " of a river is contained in its topological structure.



For instance, the block letters T,Y,F,E, and G are all topologically equivalent, but are

visually quite different.

The goal of this thesis was to investigate spatial (2D) models for river networks and to

try to understand how spatial constraints affect tributary growth. In particular, we will

study link lengths as they arise under simple but natural stochastic evolutions. Previous

attempts have either been confined to lattices, (e.g. Leopold and Langbein (1962),
Troutman and Karlinger (1989), and Nguyen (1990)), or have been mathematically

intractable (e.g. Dunkerley (1977 )).

Shreve (1969) was aware of the limitations of a purely topological model, as expressed

in the following excerpt:

"In order to comprehend the geometry of drainage basins and channel
networks, which is prerequisite to explaining their mechanics, it is necessary to
understand the close connection between network topology and such planimetric
elements as stream lengths and basin areas... .Substantial differences in the
relative areas draining into sources and in other geomorphic characteristics are not
reflected in Horton diagrams because the Horton variables are averages that are
mainly determined by network topology. Of most fundamental significance,
therefore, are not the Horton variables, but the more elementary quantities, such
as link lengths and source areas."

Having identified link lengths as the "elementary quantities," Shreve went on to
distinguish two types of link. Links connecting a source and a junction he called
"exterior links," and those connecting two junctions "interior links." Shreve (1969) gave

frequency histograms for both types, and remarked that "Practically nothing is known

about the statistical distribution of the lengths of links in natural channel networks." In

the years since, there have been a number of investigations into the mechanisms that
govern the formation and maintenance of links, and their length distributions. During

this period the amount of empirical data on link lengths has grown substantially.
However, attempts to fit the observed distributions (usually to log normal, gamma, and

exponential distributions) have met with only limited success. Abrahams and Miller
(1982) found that the log normal fit exterior link lengths better than the gamma, while the

gamma fit interior link lengths better than the log normal. They also proposed a very

flexible mixed gamma model motivated by heuristic arguments, yet still the fits were not

completely satisfactory. They comment that "it is clear that the derivation of a rational

link length model will be an extremely complex task and as such is unlikely to be
accomplished in the foreseeable future."
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Early on, Smart (1968) and James and Krumbein (1969) made valuable contributions

to understanding interior link length distributions, and many of their ideas fit naturally

into the model proposed in this thesis. However, their model is incomplete and does not

address exterior links. In this thesis we will restrict our attention to a model for the
length distribution of exterior links. ( The author feels that in the future it should be
possible to link the two models into a single, comprehensive model for link lengths.)

Mock (1971) introduced a classification scheme wherein 2 types of exterior link are

distinguished. Tribuary-source (TS) links are those that join a link of magnitude greater

than one at their downstream end, and source (S) links are those that merge with another

link of magnitude one. This scheme provides a simple, unambiguous rule for classifying

exterior links. However, if we are interested in grouping links according to the
mechanism by which they were formed, there are times when it seems more natural to

treat an S link as a TS link.

One can see this by referring to the tracing of Wolf Creek (Thomas, Ky.) in Figure

1.1. In the upper right-hand corner of the basin ( and in several other places along the

boundary ) there are instances where one member of a pair of S links is aligned with the

channel it is tributary to, while the other enters at approximately a right angle. Rather

than both links resulting from a bifurcation as the river grew up into the headlands, it

appears that the first link was originally part of a longer channel that was later divided by

the addition of the second link. This interpretation is an extension of the one adopted by

James and Krumbein (1969), who say:

"It is difficult for us to imagine the junction of a first-magnitude link and a
hundred-magnitude link as a bifurcation, in the sense that the original stream split
at this point during its growth into the upland and continued to grow in two
different directions. We believe that a low-magnitude link entering a link of

noticeably greater magnitude can be thought of as a tributary link that enters a
main channel from the 'right' or 'left' side, rather than considering every fork to
be a bifurcation with no 'handedness."

In view of these remarks, we will introduce a new classification scheme for exterior
links. For S link pairs in which one member makes a 180 degree angle with the link it

enters, while the other enters at some lesser angle (often around 90 degrees), we will call

the first an aligned (A) link, and the second a T link. ( The T-shape can serve as a
mnemonic for how these links enter.) T links will also include all links that were TS
links under Mock's scheme.
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Figure 1.1: Tracing of Wolf Creek, its backbone,
and the sources corresponding to T links.
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There are also cases where pairs of S links are seen to form "Y's." (In Figure 1.1,
follow the channel from the upper right-hand corner downstream to see three good
examples.) It is plausible that these were formed by the downstream merger of two

neighboring T links, and since our model will suggest that this is likely to occur, we shall

interpret them in this way. (As a consequence, when one compiles a histogram of T link

lengths in a basin for comparison with our model, one should take the distance from the

source to the base of the Y as the length for these two T links.) Notice that each link

type corresponds to a different formative mechanism. When we add a T link to a stream

of magnitude one, we divide this stream into two links, an A link and an interior link.

This is similar to adding a T link to an interior link, where the interior link is split into

two interior links. In fact, we could say that A links are formed by the same "division of

an interval" mechanism as interior links, while T links result from a quite different
mechanism that involves the "space available for growth."

If we now erase all of the T links from the tracing of Wolf Creek (Figure 1.1) we are

left with what we will call the backbone. Notice how the backbone "partitions" the
basin into several smaller regions. The T links we erased tended to flow away from the

centers of these regions by the shortest route toward the backbone, entering at
approximately right angles. From this we deduce that the smaller regions must be hills or
ridges. Hence, we can view the backbone as a system of valleys separating hills from
one another, with the T links carrying water from the hills down to the valley system. If
we instead erase everything but the 221 sources corresponding to T links, we see from

Figure 1.1 that they are distributed more or less uniformly (in the probabilistic sense)

throughout the basin. This agrees with our feeling that the river should "drain space
uniformly." These observations lead us in a natural way to a model for which we can
compute the distribution of T link lengths. The description of this model is the subject of
Chapter 2.

In Chapter 3 we compare the results of the model to the empirical findings of
Schumm, and examine each of the model hypothesis in closer detail. Chapter 4 shows
how our results provide new insight into an empirical relationship observed by Melton
(1960).

Finally, in Chapter 5 we show how our model can be placed in a more general
mathematical setting and applied to the versatile and much-studied Voronoi random
tesselation (also associated with the names of Dirichlet and Thiessen). Since this
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tesselation has found use in numerous models of physical phenomena and is starting to

be applied to pattern recognition and sampling statistics, these results are of independent

interest. In fact, they provide a generalization of earlier work by Buffon (1777), who

many consider to be the founder of geometric probability. We also give the ergodic

junction angle distribution for this tesselation from Miles (1970). This result (and others

in Miles (1964a)) suggest that it may be possible to develop spatial models for rivers

from which junction angles can be derived. The reader is referred to Stoyan, Kendall,

and Mecke (1987, Ch. 10) for a thorough introduction to this tesselation and a list of

references to applications. Green and Sibson (1977, p. 169) also list several current and

future applications, and discuss computer implementation. Geographers are familiar with

this tesselation by the name of Thiessen polygons, and in fact the geographic information

system (GIS) known as ARC/INFO has a routine called THIESSEN for computing and

drawing them for any given set of points. This routine was used to generate Figure 5.5.
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Chapter 2: Model for Computing the Distribution of T Link Lengths

It is clear that no link can be longer than the maximum width of the basin. Similarly,

the space available for T link growth is determined by the dimensions of the various

regions into which the basin is divided by the backbone. Based on this observation it

seems reasonable, and has been observed empirically, that drainage density (length of

channel per unit area) and junction angles affect the distribution of T link length. (see

Abrahams (1984)) We introduce a stochastic geometric model, motivated by the
discussion and figures in Chapter 1, in which the distribution function for T link lengths

is shown to be an explicit function of these quantities.

2.1 Preliminaries

Most of the terminology and notation to be used is standard in probability, graph

theory, or stochastic geometry. We will also incorporate terms from river network
geomorphology, most of which were defined in Chapter 1. New terminology will be
flagged with the phrase, "We will define....".

A plane graph, 0, consists of a countable set of vertices (points, nodes ) together

with a countable number of edges (links ) joining distinct pairs of vertices, such that no

two of the edges intersect except at vertices, and each vertex is the end of at least one

edge. In graph theory there is a distinction between plane and planar graphs: plane
graphs are planar, but the converse need not hold; see Wilson (1972, p. 24). (This
distinction is not relevant to this thesis, except that we will not use the word planar to

avoid any chance of confusion. ) We will represent edges by straight line segments

connecting vertices. Any two vertices connected by a single edge are said to be
adjacent. The degree (or valency) of a vertex is the number of edges meeting at that

vertex, or the number of vertices to which it is adjacent. A graph has degree k if each of

its vertices has degree k. Vertices will be of two types; vertices of degree one will be
called sources, while all other vertices will be called junctions. Similarly, an edge
connected to a source will be called an exterior link, and all others interior links.



The magnitude of a graph will be its number of sources. For binary tree graphs with a

fixed outlet, the magnitude of a link will be the number of sources that "drain" into it. At

a junction of degree k, the k angles between neighboring pairs of the k incident links will

be called junction angles.

For two sets A and B contained in 9 we say that A hits B if ArB 0, and A

misses B otherwise. Often B is fixed in the plane and the location of A is determined

according to some random process, so that A may be thought of as "tossed down at

random." Lebesgue measure of A in 2 will be denoted by IAI. Distance between two

sets is defined in the usual way: d(A,B) inf( Ila-bil : a A, bE B } where 11.11 is the

Euclidean norm. The closed and open bails of radius x centered at a point P are given by

CB(P,x) and B(P,x), respectively. For a compact set K, define D(K) to be the diameter

of the largest ball contained in K.

The x-parallel set of A, to be denoted by AlI(x), is defined to be u( CB(a,x)

a A) or equivalently, {P 92: d(P,A) x). (Alternately, AIl(x) is the Minkowski sum

of A and a closed bail of radius x, or the x neighborhood of A.) For plane graphs, G,
we will define the modified x-parallel set, G, to be the set of points in the plane
obtained by fattening each of the edges of G to a width of 2x, i.e. G is a union of
rectangles (and interiors) of width 2x. Note that G is a subset of GII(x). Both GH(x) and

G are shown in Figure 2.1 for the case where G consists of two perpendicular line
segments. (G is GII(x) minus the shaded regions.)

Figure 2.1: Modified and regular x-parallel sets for two perpendicular line segments.

In general, if each vertex of G has degree >2 and all junction angles it, then it follows
that G = GII(x).



An edge, E, of G, is visible from a point P in the plane if a straight line segment can

be drawn that connects P to E without first crossing G. We will define E to be
perpendicularly visible, or p-visible from P if E is visible from P in such a way that the

shortest line segment that can be drawn to connect P to E intersects E at a right angle. By

"G is p-visible from P" we mean that at least one edge of G is p-visible from P. Notice
from the definitions that if G is visible from P, then PE GH(x), for some x. Similarly, if
G is p-visible from P. then PE G, for some x.

our notation, we have the following equivalence of events:

[d(P,A) x I [ P AII(x) I [CB(P,x) hits A] (2.1.1)

This equivalence will turn out to be very useful. It implies that if A is fixed and P

"tossed down at random," then P will "land" within distance x of A if, and only if, a disk

with center P and radius x tossed onto the plane lands so as to hit A. (A random point in

the plane may be defined as the limiting case for random points in a sequence of bounded

sets, or by the Poisson point process.)

2.2 Set-up of the Model

Consider a compact region K, in 92, and a plane graph, G, such that G hits K and is
p-visible from every point in K (which implies that every point in K is contained in G,

for some x). We will assume throughout that G has no vertices of degree 2, and that all
junction angles are it. (These assumptions prevent G from having missing wedges.

To see this, refer to Figure 2.1.) Let {P1,...,P5} be a sequence of s points randomly

distributed in K. These points allow us to add edges and vertices to G so that we
generate a new plane graph, G', as follows:

For each iE (1,.. .,s } drop the perpendicular from P1 to the nearest p-visible edge of

G. The point where this perpendicular segment hits G becomes a junction and P1

becomes a source in G', together defining an exterior link of G'. By construction these

new exterior links are T links, entering 0 at right angles. ( The p-visible criterion
prevents the closest point in G to P1 from being a source of 0, which would result in the

lengthening of an existing exterior link of G, thereby complicating matters.) Note that if

G is a plane tree graph (i.e., no loops), then G' is also a plane tree graph, almost
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surely. In other words, the new links will not cross one another nor G. Here, the
starting graph, G, plays the role of the backbone defined in Chapter 1.

We are interested in the distribution of length of these s new T links. It now follows

that:

P[i Tlinklength x]=P[PeGnK] (2.2.1)

If we assume that the P1 are independently and identically distributed (iid) in K, then

the lengths of the new T links form an lid sequence of random variables (r.v.). Note that

topological models often postulate that exterior links are lid, but for the T links in this

spatial model it is a consequence. Since these new links are lid, we can denote the length
of any one of them by the r.v. XK, where the subscript indicates the dependence on K.

For the case where the P1 are iid uniform in K we have:

Fx(x)_=P[XKx]=P[1eGXrK]=IGKI (2.2.2)
IKI

We will assume throughout that the P1 are lid uniform in K. Note that the right-hand

side represents the percentage of K that is covered by the modified x-parallel set, or the

percentage of points in K that are within distance x of G and satisfy the p-visible
criterion. We shall call this the volume fraction, after Stoyan, Kendall, and Mecke

(1987, p. 174).

Remark: Segebaden (1960) considered the distribution of "cross-country transport
distance" from points in a region (trees) to the nearest road, since hauling distance is part

of the cost function in forestry applications. However, his treatment was restricted to
empirical formulas. By solving our problem we simultaneously solve his. It is
interesting to note that his paper includes an appendix by Bertil Matem entitled "A method

of estimating the total length of roads by means of a line survey." This method applies

equally well to river networks.

For the present application, we may take K to be a river basin, G a binary tree graph

representing a stage in a river's growth before any of the T links have appeared (the river

minus its T links), and G' a later stage after all of the T links have appeared. Admittedly,

the implied sequence of growth is a simplified version of a more complicated temporal

sequence. The reader may argue that this model is physically unrealistic since rivers are

observed to grow headward, and not from the sources down to the existing network.
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However, the author suspects that tributaries do not grow headward blindly, but rather

grow toward the "source" of water that feeds them. This source probably manifests itself

as a terrain feature at some higher elevation that serves as a depository for water from the

surrounding area. Presumably a certain minimum quantity of this overland flow (or a

minimum surrounding area) is required before the growth of a new link is merited. Once

this minimum is exceeded, a link should start to grow along a "water concentration

gradient" toward the source. If this view is correct, then a link's destination and final

length are essentially predetermined by the local terrain. The motivation and appeal of

this scheme is that it justifies the replacement of a mathematically cumbersome
headward growth model, where links must somehow be endowed with a knowledge

of their surroundings so that they stop growing before they cross another part of the

network, with a tractable convergence model, where a source is identified and then
connected to the rest of the network. (The last two terms in boldface are borrowed from

Abrahams (1984), who gives a nice overview of the state of affairs in river network

geomorphology.) In the latter model type there is never a problem of a link growing

across another.

Remark: A computationally more complicated "sequential convergence model" that
mimics headward growth (without the above problems) results if we drop the
perpendicular from P1 to the nearest p-visible edge of G { edges resulting from P forj

<i). Unfortunately, the new exterior links are no longer independent nor identically

distributed, since the length distribution of the ith exterior link now depends on the
realizations of all prior links. Instead of a single distribution, we get a sequence of
distributions, each slightly different from its predecessor, as can be seen from the results

of the next section. This alternate model may be explored further in future work.

Incidentally, equation (2.2.2) and the corresponding density function give us a means

by which we can compare how well 2 different networks drain a basin. Suppose that a

basin is specified and we wish to compare two possible drainage networks, both having

the same total length. The one that "drains most efficiently," or "does the best job of

getting close to every point in the basin" is the one whose density function has the most

mass concentrated near the origin, in some sense. How to make this last statement

quantitative is an interesting question that will be considered in future work. However, it

seems that the most efficient of all networks of length L, say G*, should satisfy
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IG: K G n KI Vx E [O,oe) (2.2.3)

IKI KI

where G is any plane graph whose total length in K is L. In other words, the distribution

function (d.f.) obtained from (2.2.2) for G should dominate the d.f. obtained for any

other plane graph of the same length.

2.3 Computing the Volume Fraction : General Approach

Given G, the problem of computing the volume fraction reduces to that of computing
iGrKI as a function of x. Note that for fixed x, computer graphics software can be

written to compute this from a digitized image of 0, or it can be computed by hand with

graph paper. Existing commercial software can compute IGII(x)KI, e.g. the geographic
information system ARC/INFO. A closed form expression for IGrKI is not possible in

general. However, if we temporarily ignore errors at the boundary of K, we can
compute two terms in an expansion (in x) of IGKI. We do not know a priori

whether this is a Taylor series expansion of the distribution function defined in (2.2.2),

however, we will see that this does provide a geometric interpretation of terms in a Taylor

expansion for some specific examples in later sections.

Let L(GrK) be the total length of G in K. As seen in Figure 2.2 where K is a circle,

and the width of each rectangle is 2x, we have the following inclusion-exclusion formula:

IGKI= 2xL(GnK) [1irea of overlap atjunctionj]+g(x) (2.3.1)
JEGC

where g(x) contains higher order overlap terms in the inclusion-exclusion expansion, as

well as any edge effects (small if K is large; see remark at start of Chapter 5.).

Figure 2.2: Modified x-parallel set for a finite plane graph, G.
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In the cases we will consider it will be shown that g(x) is very small, and that the first
two terms offer a good approximation to IGrKI. In fact, examples will be given below

where g(x)O in the limit of large K. Future work will apply the software mentioned to

help determine conditions under which g(x) is small.

The area of overlap at a junction in (2.3.1) depends on the corresponding junction

angles, and can be computed as follows. Consider the case of greatest importance for
our application, where all junctions of 0 have degree three. Let a1, be the junction

angles at junction j of G. If we assume that a,
,

it, then simple trigonometry (see

Figure 2.3) yields:

[area of overlap at junction = x2[cot1:) + cot[J + cot[J]

xcot(3f2)

/
Figure 2.3: Computing the overlap at a junction

Inserting (2.3.1) and (2.3.2) into (2.2.2), we have (dropping g(x)):

lGKI
IKI

--[2xL(G K) - z [cotI.I') +cot(-') +
IKI 1

JEGrK[ 2) 2) 2

(2.3.2)

(2.3.3)

Equation (2.3.3) shows how the length of a T link depends on the junction angles of

the network in existence at the time of the link's appearance, as well as the drainage

density of the backbone, i.e each partially determines the space available for tributary

growth.
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We now consider asymptotic results for the case where G is an infinite plane graph
and {K} is an increasing sequence of compact sets in the plane such that D(K) goes to

infinity with n. For n sufficiently large we will often have that the asymptotic distribution
of Xy will be a good approximation to the distribution of Xy.

Example:
Take f K } = an increasing sequence of compact sets such that D(K) goes to infinity

with n and G = the edges of a tesselation of the plane by regular k-gons; k = 3, 4, or 6.

(With squares, there is more than one way to tesselate. Here we refer to stacking squares

in columns, rather than staggered as in a brick wall.) Recall that the k interior angles of a
regular k-gon are given by it(k-2)/k. Let L = L(G r K, A = IKl, and N = number

of vertices of G in K.

Since the k-gons are regular, the overlap at each of the N junctions is easily found to

2 18. . 3.be cx , where c = - ifk=3, 4ifk=4, and - ilk = 6. Moreover, for this

problem there are no terms of order higher than two so g(x) in formula (2.3.1) is

asymptotically zero. Therefore,

limI(Th KI1 iimfl2XT?1 NCX2]

l ii J }
= 2x limI1 cx2 iimS1'L (2.3.4)

n_*.'1AJ

The limits are the same for any two sequences {K), so we may choose the most

convenient to work with, e.g. rectangles in the case of k=4. Note that (2.3.4) has the
form F(x) = ax bx2, where a and b are constants, which yields a density function of

f(x) = a 2bx. For the case of unit squares (L / A) 2, and (N / A) 1, so we get:

F(x) = 4x 4x2 and f(x) =4 8x, where 0 x 1/2.

In Chapter 5 we will explore the case where the backbone, G, is taken to be a
realization of a suitable random process. First, in Chapters 3 and 4, we will be
concerned with the implications of the model up to this point.
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Chapter 3: Comparison of Observed and Computed Length Distributions for T Links

Abrahams and Miller (1982) have assembled most of the available empirical data on

link lengths. Their Table 1 lists pertinent data for most of the basins that have been
studied. It suggests that we should compare our model to the histograms for Connor's

Range, Goulds Country, and Perth Amboy, since these correspond to single large-
magnitude networks. Unfortunately, the data needed to apply our model is not given.

For the miniature Perth Amboy basin, however, Schumm (1956) gives enough data for a

crude application of our model. This basin's small size and badlands location permitted

thorough study by Schumm, so that its corresponding data set is probably the most

accurate available. Also, since this youthful basin has magnitude 214 and steep valley

slopes (so that exterior link entrance angles are close to 90 degrees; see (H5) on page 19),

the model hypotheses should hold reasonably well.

Remark: Link length data for Wolf Creek (Figure 1.1) was not available to the author for

comparison with the model. Also, any existing raw data will need to be regrouped to

conform with our new link type classification. To apply the model properly one should,
ideally, digitize the backbone and compute IGKI numerically. The author is

investigating means of doing this quickly and efficiently. One difficulty is the irregular

shape of K for most river basins.

For now we shall neglect g(x) to find an approximate expression for the link length

density function predicted by the model. Differentiating (2.3.3) and requiring the
resulting function to integrate to one yields the density function (2L/A)[1 - (L/A)x], 0 x

A/L, where recall that L = total length of the backbone, and A = basin area. Note that

this implies that the expected value of T link length is inversely proportional to backbone

drainage density, and is given by (1/3)AIL. Although the backbone actually includes all

A links, its total length is approximately equal to the total length of interior links. We can

deduce from Schumm's data that the latter of these lengths is 1369.6 feet (417.45
meters). Basin area is given to be 31,027 square feet (2882.50 m2), so that L/A is
roughly 0.145 m* Hence our density function has y-intercept at (0, 2L/A) = (0,0.290
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m1) and x-intercept (A/L, 0) = (6.90 m, 0). Since the y-axis for histogram data is in

percent, we must convert our continuous density function to a histogram for comparison

with Schumm's data. The "total mass" under a density function is 1, so the height (in

percent) of the ith bar in the predicted histogram is obtained by integrating over the ith

class interval. This yields the histogram shown in Figure 3.1, and considering that we

have neglected g(x) and have estimated L, our histogram and its support agree fairly well

with Schumm's histogram. No doubt the match would be even better if we numerically

computed the volume fraction as a function of x for the backbone of Schumm's basin.

(Note: The histogram given in Schumm (1956) has a class interval of 4 feet, with no

links of length less than one foot. Abrahams and Miller (1982) have apparently obtained

Schumm's raw data and give a histogram for the same data set with the smaller class

interval of 0.7 meters. This is the one displayed in Figure 3.1.) The disagreement at the

largest x values is probably due to neglecting g(x); possible causes of the discrepancy for

small x will now be discussed.

0.2

0.15

0.1

0.05

0

U

Figure 3.1: Observed histogram for the exterior links of the Perth Amboy basin

and a linear approximation to the predicted histogram for T links in the same basin.

In general, when we compare the density curve predicted by our model to observed

frequency histograms for link lengths in actual rivers, it is seen that there is qualitative

agreement, except for very small x. To be specific, the density curve predicted by our
model attains its maximum value of 2L/A at x=0, while the observed histograms have
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height approximately 0 at x=0. This discrepancy must be due to either: (a) one or more

of the hypotheses of the model are not met, or (b) the empirical data is not accurate for

small x, or is otherwise inappropriate for comparison with the model. We shall now

consider each of these possiblities. We begin with possibility (a) via a review and
discussion of the hypotheses in terms of river networks.

(Hi) Backbone is approximated by a plane binary tree graph. G. composed of straight

line segments. For rivers the backbone is defined to be the river minus all T links, where

T links are defined as in Chapter 1. We have seen how the space available for T link

growth depends on this earlier stage of growth. It is natural to think of the backbone as

partitioning the basin into cells, each of which contains a hill. For example, the backbone

is particularly apparent in the tracing of Wolf Creek (Figure 1.1) and the hills can be

discerned from the orientations of the T links.

If the links of G are not straight our computation of the volume fraction will be

affected, but should still be approximately correct, as long as they are sufficiently smooth

curves. This is particularly true for small x. (It may be possible to derive a formula that

holds in this more general case.)

Almost all published link length data has been obtained from measurements on maps,

where rivers are drawn with line segments. These segments give us G and are assumed

to represent the center of the river. However, they do not provide an entirely accurate

represention of the river since they have zero width. As a consequence, the length of a T

link measured on a map is measured from the link's source to the center of the backbone

channel, rather than to the bank of the backbone channel.

To see how measuring to the center of the backbone (i.e. assuming width is
negligible) affects our results, suppose that the width at some point is w. Then any
nearby source P with d(P,G) w/2 is in the river, and so does not form a T link. For

purposes of illustration, consider a hypothetical river that has constant width, w,
throughout its basin, if T link length is measured to the center of the backbone, then to

correct our results we should forbid points from falling into the backbone channel. This

can be accomplished by conditioning on [X > w/2], and so the appropriate distribution

function is given by:



F(x)=P[XxIX>w/2]= Fx(x)Fx(w/2) x > w/2 (zero otherwise) (3.1)
1Fx(w/2)

It would be more realistic to take the width of each link to be some function of its

magnitude, perhaps proportional to m, p > 0. For this and other cases where the width
varies, we expect a density curve qualitatively like: h(x)f'x(x); here h(x) is some

function increasing from 0 at x=half the minimum width, to 1 at x=half the maximum
width, and fx(x) is a rescaled version of fx(x). This is because the only links in the

backbone that can "produce" T links with length greater than w/2 (and hence contribute

mass to the density function in this range) are those with width greater than wj. Since the

number of contributing links increases with w, the density function would start near zero

and increase to some maximum before dropping off. Incidentally, this implies that the

mode of the actual density curve should occur at r=half the maximum width, which is

something that could be checked for in data.

So we see that in comparing our model to data where links have been measured to the

center of the backbone (e.g. map data), we expect a discrepancy for small x. Suppose

we assume that each backbone link has some constant width from its upstream to
downstream node, and then measure the cumulative length of links with width, w, for

each w. Using the ideas of the last paragraph we should then be able to modify the

model slightly to take width into account, and this will be taken up in future work. Note

that for our application width should be defined to be the width of the river bed, rather

than the width of flowing water.

It is also likely that there is a minimum length, corresponding to a minimum drainage

area, needed to maintain a link. (This is related to the constant of channel maintenance

defined by Schumm (1956).) If so, it is expected that this minimum should be relatively

constant throughout the basin, in which case the effect on link length distribution can be

modeled by defining an effective width, i.e. the river width plus this twice this minimum

length.

(112) Basin is large enough that edge effects are negligible. The approximation given
for IG n KI is highly accurate for small x, since then overlap is minimized. Therefore,

edge effects can only become a problem for large x. Hence we do not expect this to

contribute to the discrepancy. Note that most edge effects are not a problem if we
compute IG n KI numerically.
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(113) Backbone junction angles are it With our definition of junction angles this

appears to be a reasonable assumption for rivers, and at any rate seems unlikely to
contribute to the small x discrepancy.

(114) Backbone is p-visible from every point in the basin. The reason for imposing this

hypothesis can be seen as follows. If G has vertices of degree one, which it must for
rivers, then the closest part of G to some points in the basin is a source of G. If we were

to simply let all points connect to the nearest part of G, these latter points would result in

the addition of segments that just lengthen existing exterior links. The distribution of
length of these segments is given by equation (2.2.2) by using GII(x) in place of G, but

does not accurately reflect the distribution of link length, due to the segments that simply

lengthened existing exterior links. From inspection of river tracings, this hypothesis

does not seem unreasonable. Here again, there seems to be no relation to the small x

discrepancy.

(H5) T links enter the closest part of the backbone, at a right angle. Let 0 be the

(upstream) angle that the backbone (a main channel) makes with a given T link, when
projected onto a horizontal plane, or seen in an aerial view. In addition, let Sm be the

slope (rise in elevation / run in horizontal plane) of the main channel, and s be the slope

of the T link. If we assume that water flows downhill ( and is not prevented by geology,
etc. from doing so) then from Horton (1932) we have that cos(0) = Sm/St. This is exact

if the "wallt' of the main channel valley is a plane, and approximate otherwise; see Pieri
(1984) for further details. Notice that if S is much smaller than s, then Sm/St iS

approximately zero, so that 0 is approximately 90 degrees. This would be the case, for

example, if the backbone was embedded in a plane tilted slightly from the horizontal,
with steep hills or ridges resting on this tilted plane.

Incidentally, assume that the hypothesis that T link sources are distributed lid uniform

throughout the basin is valid. Then even if the T links of the basin fail to enter the closest

part of G, for whatever reason, our model still provides a bound for the true distribution

function, since an inequality known as stochastic ordering applies here (see Section 5.1).

One can also show that if observed junction angles have mean E(a) and small variance,

then the observed T link length is given approximately by X/sin(E(a)), where X is the

distance whose distribution we have computed. In this case the observed density
function (histogram) is approximated by a rescaled version of the one predicted by the

model, so we see that this does not explain the small x discrepancy.
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(116) T sources are distributed iid uniform throughout the basin. and independent of G.

The iid uniform hypothesis is subject to statistical tests (see Stoyan, Kendall, and Mecke

(1987), for example), which will be performed at a later date. However, T sources for a

few networks were traced onto a separate sheet ( as illustrated in Figure 1.1 ) and
compared visually with a uniform distribution of points and the agreement seemed

satisfactory. (The eye is fairly good at distinguishing point patterns. ) Oeppen and
Ongley (1975) have applied spatial point processes to the distribution of river junctions

and found both the negative binomial and the Poisson to provide reasonable fits for the

networks they studied. They apparently did not study the distribution of sources.

Whether or not T sources are independent of G is more difficult to test. It is plausible

that the backbone may alter its course in such a way as to absorb nearby sources. If this

occurs, it seems more likely to occur in areas of low relief and not in areas with steep

valley slopes. The effect on T link lengths would be to shorten or remove some of the

shortest links, and hence may help to explain the small x discrepancy.

Furthermore, if the sources are distributed iid uniform, then with positive probability

it is possible for 2 sources to be very close together, and for their associated T links to

enter the same channel very close together. In actual networks we would expect the

shorter of the two to be absorbed by the longer, or perhaps for the two to form a "Y", as

discussed in Chapter 1. The former situation would result in a "weeding out" of some of

the shortest T links, and hence would account for some of the small x discrepancy.

We now consider a second possibility for the small x discrepancy, labeled by (b) at

the beginning of this section, namely that of inaccuracies in the empirical data for small
x. Since most empirical link length data has been obtained through measurements on

maps, the question becomes one of map accuracy and/or map scale. Chorley and Dale

(1972) give a detailed account of the problems involved in mapping rivers. They claim

that the major problem is in the mapping of the "most headward fingertip tributaries," or

exterior links. The following list illustrates some of the difficulties. Note that we have

abbreviated Chorley and Dale (1972) by C.&D..

(1) Channels obscured by overhanging vegetation. Often maps are produced from aerial

photographs, where overhanging trees obscure many flowing fingertip tributaries.

(2) Channels filled or obscured by movement of thick debris
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(3) Inconsistency in field mapping of stream channels by different surveyors. According

to C.&D., when Maxwell (1960, PP. 24-25) had a second operator check the field
mapping of a first operator, there were found to be discrepancies in the mapped lengths

of exterior links and omission of some extremely short exterior links. This problem is

worst for the most inaccessible regions.

(4) Deliberate omission of intermittent first order channels. We reproduce an excerpt

given in C.&D., which is taken from the instructions issued to surveyors by the U.S.

Geological Survey (1963, book 4, p. 16): tt All perennial drainage is shown regardless

of length. Intermittent drainage spurs less than 2,000 feet long usually are omitted unless

they emanate from springs or bodies of water. As a general rule, for 1:24,000- and
1:62,500- scale maps those streams selected for publication should be shown as starting

not closer than about 1,000 feet from the divide or drainage head. However, problems

will arise which require modifications of the general rule." C.&D. go on to say that

"The decision as whether to show an intermittent stream or fingertip tributary will be

taken by the cartographer and will depend on such factors as whether it requires a bridge

symbol where it may be crossed by a road, on the existing drainage density shown and

the requirements of avoiding overcrowding of the map face and the general aesthetic

considerations of the map series and the scale of its publication."

It is the author's feeling that intermittent exterior links should be included with the link

length data for a network. The reason is that any water in the vicinity of such a link that

needs to be "drained" will use this link rather than another, i.e. there is a drainage area

associated with the link. Since this area's drainage needs (though not constant) are

accomodated, the existence of the intermittent link prevents others from forming in this

region. Hence, the exclusion of intermittent links is a particularly good candidate for

explaining the small x discrepancy.

(5) Channels inaccurately inferred from topographic maps. Another excerpt from
C.&D.: "Coates (1958, pp. 24-26) tested the channels inferred from the 1:24,000 map

of the Nashville Quadrangle in Southern Illinois (contour interval of 10 feet) with his

field maps on a scale of 1:600 and found that fingertip tributaries could seldom be
inferred from the U.S.G.S. map, and that most mapped first order channels were in

reality third order. In general he found that total stream channel lengths mapped in the

field were 3 to 5 times greater than those inferred from the mapped contour crenulations,
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and that the drainage density obtained from the map was only 20 to 66% of that mapped

in the field."

(6) Map scale too small to represent shortest channels. Most available link length data

has been obtained from maps at a scale of 1:24,000 or smaller. ( Recall that scale is

defmed to be the ratio of these 2 numbers. ) The limitations of scale can be seen by noting

that standard mechanical pencil lead is 0.5 mm in diameter, which corresponds to 12

meters on a 1:24,000 scale map. However, since most empirical link length histograms

for exterior links show a complete absence of the very smallest links, map inaccuracy is

probably not wholly responsible for the small x discrepancy, but clearly contributes to the

problem.

Finally, we should mention another potential problem. The model we have presented

should apply best to a large magnitude network in a spatially uniform environment.
Some data, such as that obtained by Dunkerley (1977) and Shreve (1969), may be
inappropriate for comparison with our results. Dunkerley's published histograms

represent 1003 interior and 1186 exterior links from 186 different basins ranging in

magnitude from 1 to 33. Shreve's histogram represents 30 basins, each of magnitude

10. Note that all of these basins are of relatively small magnitude. It is also unclear just

how similar the environments in different basins are, and seems unlikely that links from

many different small basins should have lengths distributed the same as those from one

large magnitude basin.
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Chapter 4: Melton's Parameter

It has been observed empirically by Melton (1960) that the dimensionless parameter

L2/A is approximately equal to 2m-1, where m is the network magnitude, L the total

channel length, and A the basin area. Smart (1976) explored the extent to which the
quantity L2/[(2m-1)A] reflects differences in spatial organization and visual appearance of

networks. It turns out that our preceding analysis provides new insight into this
parameter.

Recall that we found

F(x) = _{2xL - x2 [cotUJ + cot[J + cot2)] + (4.1)
jGK

and that g(x) was small for the cases we considered. Suppose that we neglect g(x).

Then the corresponding density function is given by

f(x) = J_{2L 2x [cotI.) + co(PiJ + cot(.2L.)]} (4.2)
A jGnK

This is linear in x and has y-intercept at 2L/A, so in order to integrate to 1 the x-
intercept must occur at A/L, or fx(xAIL) =0. Putting x=A/L in (4.2) yields

1L 1cot1.L')+ cot1L') + cotlrL")1l. =0
A L))EGKL 2) 2) 2 )]j

1cot1)L = + cot1L") + cotlL.
)JEG(KL )

L2 1 r (a."
= -

I
coti I + coti _L + coti

I I

c (4.3)
AN N jGK[ 2) 2) ' 2)]

Note that c is the average overlap at a junction, and that N = number of junctions

(rni), so this becomes L2/[(m-1)Aj=c. It may be the case that c approaches the
expected value of the quantity in brackets (i.e. that a law of large numbers holds), but we

have not proven this. For this to agree with Melton's observation, we would need c

(2m-i)/(m-1). This is always >2, but approaches 2 for large m.



24

For the Poisson-Voronoi graph (degree 3 a.s.), to be discussed in Chapter 5, we have

the following asymptotic results:
[ (a.'\ (y.\1 (16 \

c = El coti _L + coti _L + coil 11=1 I 1.95, and
L

2) L2) 2}j }

(L)Z(A)
(2Jfl2(_!_) =2 a. s.

AN A N 2)
So the Poisson-Voronoi graph has approximately the same Melton parameter as that
observed for river networks! For comparison, we consider the plane graphs associated

with the regular tesselations discussed in the example on page 13. For a grid of squares

of sidelength s (degree 4),
L2 (25)2

AN s2

And for a grid of hexagons of sidelength s (degree 3),

= (3s)2 = 2/ 3.4M
AN (3..J/2)s2

Notice that the junctions of rivers, the Poisson-Voronoi graph, and the hexagon lattice

are all of degree 3, but Melton's parameter agrees only for rivers and the Poisson-
Voronoi graph. The disagreement appears to get worse as degree increases.

Remark: It is interesting to compare this to known asymptotic results (in n) for the
shortest travelling salesman path and minimal spanning tree on n randomly distributed

points in a bounded region of area A. These results hold for uniformly distributed
points, but are not limited to this case. See Beardwood, Halton, and Hanimersley (1958)

for precise details. They show that in both cases the lengths obey L (const)1A
Bounds for the two constants are given by Gilbert (1965), who also finds by Monte
Carlo methods that they are approximately 0.75 and 0.68 respectively. If n and A are
allowed to grow such that n/A approaches a constant, then we get (L2/nA) - (const)2 or

0.56 and 0.46 respectively, to 2 decimal places. Note, however, that it is really not
appropriate to compare this to the value 2 we found for river networks, since the degree

for many of the vertices in the travelling salesman path and minimal tree is 2.



Chapter 5 Generalization to Random Backbones

In applications of point process theory, it is common to treat the observed distribution

of individuals throughout a region as a realization of a point process in the plane, with

our view of this process restricted to the region under study (commonly called a
window). Note, however, that the distributions of quantities based on the point process,

like interpoint distances, are affected by this restriction. Since the difficulties arise along

the boundary of the region, they are known as edge effects. It can usually be shown that

edge effects will be small if we consider a sufficiently large region, since the perimeter

grows linearly, while the interior grows quadratically.

In an analogous fashion, we may treat G as a realization of some infmite random plane

graph process. For a point P in K, the point in G nearest to P may not be contained in K.

We shall assume that our region K is large enough that these and other edge effects are

negligible, i.e. that asymptotic distributions will approximate the true distributions for

D(K) sufficiently large.

One way to specify a plane graph utilizes a tesselation of the plane. A tesselation is

simply a partition of the plane into polygons, or of space into polyhedra. When this
tesselation results from a random process, it is known as a random tesselation. For
the general theory, see Stoyan, Kendall, and Mecke (1987, Chapter 10). The polygons

that make up a tesselation are known as cells. Collectively, the line segments that form

the boundaries (or walls ) between the cells of a tesselation of the plane can be viewed as
the edge set of a plane graph. Together with the corresponding vertices they completely

specify a plane graph. Hence, random plane tesselations give rise to random plane

graphs. Incidentally, random plane graphs are special cases of fibre processes. See
Stoyan, Kendall, and Mecke (1987, Chapter 9) for an introduction to the general theory,

which is still in its infancy.



Remark: In Chapter 1 we explained how a backbone "partitions" a basin, and defines a

system of hills and valleys within the basin. In a random plane tesselation, the cells can

be thought of as hills, and the associated random plane graph as a network of valleys.

Water need not flow in each valley, but the backbone must form some subset of this

valley system. This subset is subject to the stochastic ordering results of the next section.

5,1 Computing the Volume Fraction: FCD Approach

In this section we develop an expression for the asymptotic distribution of X=d(P,G),

in the case where the backbone, G, is taken to be a realization of a suitable random plane

graph process and P is uniformly distributed in K. We will show how an ergodic
theorem can be used to transform the problem of computing the asymptotic distribution of

X, to that of computing the distance from a fixed origin to the random plane graph
process from which G is a realization. In other words, we give conditions under which

we can replace the problem of computing the distribution of distance from a random point

to a fixed graph, with that of computing the distribution of distance from a fixed point to

a random graph. This often results in a considerable simplification of the original
problem, and is strongly reminescent of a duality principle.

To begin we will restate several definitions and a theorem that we will need from
Stoyan, Kendall, and Mecke (1987, pp.167-174). Let IF denote the family of all closed
subsets of Rd, and Fthe smallest a-algebra of subsets of IF that contains all of the
"hitting sets," FK = (FE IF: F hits K). A random closed set is a random variable

taking values in (IF,fl. Hence, E generates a distribution P on (IF,J), so that P(A)

P(EE A). Moreover, is stationary if and the translated sets Ex all have the same
distribution, for every x in If is stationary and isotropic, then is said to be
motion-invariant, i.e. its distributions are invariant with respect to both translations
and rotations. is ergodic if for every translation-invariant event AE Twe have P(A)

equals zero or one. Given these definitions we have the following theorem:

Theorem Suppose the mapping h:Bo" * R is a measurable, translation-invariant,

additive set-function defined on bounded Borel sets. Suppose, moreover, that is a
stationary ergodic random closed set, and CJ is the unit cube given by f (xl,..,xd) E

l/2<x 1/2).
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(1) For every e> 0 there is a ir(e) > 0 such that if sup {EIh(5r K)I : K non-empty
and in C0 } <00 then

h(5K) -
E

K
Eh(nC0)<c

for compact convex K with D(K) > r.
(2) Suppose there is a non-negative random variable of finite mean such that lh(5rK)I

E almost surely for non-empty K in C0. Then

urn
h( n K)

= Eh(E n C0) almost surely.
IKI

Here { K) is a strictly increasing sequence of compact convex sets such that D(K) goes

to infinity with n.

Notice that if we take h = Lebesgue measure and 1 in this theorem, then part (2)

yields the following asymptotic statement about the volume fraction:

1im
KI

= EI5 m C01 almost surely (5.1.1)
"

Furthermore, the stationarity of S yields the following chain of equalities:

EE C0 = E JIc(x)dx EJL(x)dx
9d Co

= fEI(x)dx = SP{x E E]dx = P[O 5] (5.1.2)

Putting everything together we get:

i5rKi
lim' = P[O 2] almost surely (5.1.3)

IK

Observe that if 'P is a stationary random closed set, then so is 'P11(x). (i.e. there is an

x-parallel set associated with each realization of 'P.) If we take 'P to be an infinite
stationary ergodic random plane graph process that is p-visible from almost every
point in the plane (i.e each realization is such a graph; an example is the Poisson-Voronoi
graph to appear in Section 5.3) then 'P)( is defined and (5.1.3) implies that for almost

every realization G of 'P we have:

lim{P[XK Xii IG r Kj
= E 'Ps]. (5.1.4)ii



Moreover, if 'P11(x) 'P,, (as it will when 'V has no vertices of degree 2 a.s. and all

junction angles It a.s.; an example will be given in the next section), then (2.1.1)
yields:

P[o E 'Pr] = P[O 'P11(x)] = P['P hits CB(O,x)]

= iP['P misses CB(O,x)] = P[d(O,'P) x] fcd of'P (5.1.5)

Notice that d(O,'P) is the (random) radius of a ball centered at 0 when it first makes
contact with 'P. Hence, the above distribution function for d(0,'P) is called the first
contact distribution (fed) for 'P (also called the spherical contact distribution).

The fcd has beed studied for a variety of spatial processes, including point processes

(Thompson (1956), Paloheimo (in: Matern (l97l,p. 210)), Boolean models (Parker and

Cowan (1976), Berman(1977), Hall (1988)), the Poisson line process (Miles(1964a and

19Mb), Solomon (1978, pp. 44-48)), and Poisson graph processes (Santalo (1977)).
This last type of process is quite different from ours, and is essentially a Boolean model

with grains that are scaled versions of a particular graph that has finitely many vertices.

(The Poisson line segment process is a special case.) Distance distributions related to the

fcd have also been studied. For example see Coleman (1974), Holgate (1965), and
Segebaden (1960). Note that our problem does not fall into any of these categories.

Example: As in Hall (1988, p. 43) we define a Boolean model in Rd to be a
collection of sets C_= i 1}, where +S gx:xE S1}, T {, i 1} is a
stationary Poisson point process in ERd, and S1, i 1 are iid random subsets of Rd in the

sense of Matheron (1975), independent of P. The point is called the center of the
random set +S1, although it need not be the real center in any practical sense, and the

random set itself is called a grain. Hall (1988, p. 301) gives a general expression for the

fcd of a Boolean model with convex, isotropic grains, unifying a number of previous
results. He obtains:

P[X xJ = 1 exp[_)(a +f + (5.1.6)

where a = mean area, and 3 = mean perimeter of a grain, S.

A Boolean model with convex compact grains is an example of a random closed set

that is stationary and ergodic. The stationarity follows from the stationarity of the Poisson

point process, and according to Stoyan, Kendall, and Mecke (1987, p. 171) the
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ergodicity is shown by Nguyen and Zessin (1979) and Weil (1984). Hence, for almost
every realization, A, of the Boolean model we have:

IAlI(x)rKI = 1_exp[_A(a +f3x (5.1.7)urn'
n.o IKI

assuming the process has convex compact isotropic grains.

We will conclude this section with a description of two important tools for analyzing

fed's, superposition and stochastic ordering.

Superposition

We note that as a consequence of (5.1.5), fcd's for Poisson-based spatial processes
are often given by expressions of the form F(X) = (1 exp[g(x)1). Consider two
independent processes with first contact distances X and Y, and fcd's given by F(X) as

above and Fy(x) = (1 exp[h(x)] }. Superimpose these to form a new process with

first contact distance Z = min(X,Y). It follows that the fcd of the new process is given
simply by F(x) = { 1 exp[g(x)h(x)]). This is just a special case of the well-known

fact that for X, Y independent r.v.'s, Z=min(X,Y) has d.f. given by:

Fz(z) Fx(z) + Fy(z) F(z)Fy(z). (5.1.8)

Example: Consider the process formed by superimposing the Poisson line process and

the Poisson point process, which have fcd's (1exp(-2px)) and (1exp(Xirx2)}
respectively, where p. are the intensities. The new process has fed f 1exp(-2px -
Xitx2) }. We see from (5.1.6) that there is a class of Boolean line segment processes with

the same fed, i.e. those with a=O and =2p/A. (For the reader unfamiliar with the
Poisson line process, a description and summary of known results is given in both Miles

(1964a, 19Mb), and Solomon (1978).)

The results for superposition also imply that if we decompose a process into
component processes, the first contact distance for the process will be the minimum of
the first contact distances of the component processes.



Stochastic Ordering

An inequality known as stochastic ordering can often be used to obtain bounds for an

fcd. Suppose that we have a random set B and that we define A to be some subset of B

and C some superset of B, for each realization of B. To fix ideas, take B to be a Boolean

line segment process, A the set of endpoints of segments in B, and C the set of line

segments obtained by doubling the length of each segment in B. Let X, Y, and Z be the

first contact distances from the origin to A, B, and C respectively. Then for each
realization co of B it is not hard to see that we must have Z(co) Y(co) X(o)). But this

implies that

[w:Z(co)a]D[co: Y(co)a]D[co:X(o))a]

for any non-negative real a, and hence that

P[co: Z(co) a] P[w: Y(co) a] P[w: X(co) a], or Fx(a) Fy(a) Fz(a).

Clearly, a similar inequality must hold for all moments. Stochastic ordering is
discussed briefly by Marshall and 01km (1979, Chapter 17). The author is unaware of

any previous application of stochastic ordering in a stochastic geometric setting.

Remark: If, in the above discussion we instead take B to be fixed (so that A and C are

also fixed) and then toss down a point randomly, we get the same results but with 0) now

being a realization of such a random point. Also notice that if the model hypothesis in

Chapter 2 about T links entering the backbone at right angles doesn't hold, then the actual

length of the link associated with the random point 0) must always be longer than the

distance whose distribution we computed. Hence, via stochastic ordering, our model still
provides a bound for the actual T link distribution.

Example: Take B to be a point process, and suppose we specify a rule for connecting

points in a realization of B by edges. This yields a random graph process, C, with vertex

set given by B. One can devise connection rules such that C is almost surely a plane tree

graph. One example is the minimal spanning tree process induced by B. (i.e. for
each realization B there is a corresponding minimal spanning tree, defined to be the
connected tree graph on B with the least total length. See Prim (1957) for algorithms.)

Another example, which the author calls the left-connected tree process, results if
each point, P, of B is connected by an edge to its nearest neighbor among the points in B
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with x-coordinate less than the x-coordinate of P. (In fact, a more general process
results if each point of B is "marked" with a direction $ and an angle , and then
connected to its nearest neighbor among the points of B that have angular coordinate in

[4-i-3I2, 4I2]. For the left-connected case we would have = it, for every point
in B. Interestingly, this process appears to exhibit a percolation phenomenon, and in the

future the author plans to explore this further.) The author has implemented each of

these processes on a computer, for the case where the points of B are iid uniform.
Realizations are shown in Figures 5.1 and 5.2. The interested reader should see Prim
(1957), Beardwood, Halton, and Hammersley (1958), Gilbert (1965), and Roberts
(1967).

Suppose we take B to be the Poisson point process in the plane, which has fcd given
by Fy(r) = [1-exp(itr2)], the Rayleigh distribution. Any graph C on the points of B
must have B as a subset, so it follows that Fy(r) Fz(r), and hence that the tail of Z must

drop off faster than exp(-r2). This rules out a great many possiblities for the distribution

of Z, such as exponential and gamma, and provides information on the moments of Z.

5.2 FCD for the General Random Voronoi Graph

Let 1 be a stationary point process in the plane. For a set A in R2 let C1(A) denote the
number of points of c1 contained in A. (This defines a random measure.) In the well-
known Voronoi (Dirichlet, Thiessen) tesselation of the plane, each point, P. in a

realization of c1 is allotted an almost surely convex cell consisting of all points in the
plane closer to P than to any other point in c In this way 'I generates the random
Voronoi tesselation, V() (i.e. there is a Voronoi tesselation corresponding to each
realization of c1). The almost sure convexity of the cells follows from the fact that V(4))
is an intersection of half spaces. It is given in Stoyan, Kendall, and Mecke (1987) that
for stationary , almost surely all cells are bounded. Note that each of the tesselations
by regular k-gons from the example on page 13 are degenerate special cases of Voronoi
tesselations. For the unit squares, if the origin is taken to be a vertex in the associated
graph, then is the set of points with both coordinates integers. The random plane
graph corresponding to the Voronoi tesselation will be
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Figure 5.2: Realization of a left-connected tree

process on 200 uniformly distributed points.
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called the Voronoi graph. In this section we compute the distribution of the distance,

X, from a fixed origin to the nearest part of the Voronoi graph, i.e its fcd.

Fix an origin, 0, in the plane independent of 1, and a line, J, through 0, so that the
position of a point in the plane is given by polar coordinates, with angles measured

counter-clockwise from J. There is almost surely a unique point of b nearest to 0, and 0

must be contained in the cell corresponding to this point, by the way the Voronoi
tesselation is defined. Denote this point by H (for host), and its position by (R,e). R
is distributed as the fcd of b, and if cb is isotropic then ® is uniform on [0, 2it).

We condition on the event [H = (r,8)], or [R=r, )=8]. Since H is the nearest point of

the process to 0, we get the following equivalence of events:

[R=r, ®=O] [(B(0,r))=O, cb((r,8))=l I.

Now let k be the distance from H to k' the kth point of the process (arbitrary

enumeration excluding H itself) and ak the corresponding angle that the line through H
and k makes with J (measured CCW from J.) Consider the set of perpendicular
bisectors of the line segments HPk. The distance from H to the kth such bisector is
clearly given by k'2 It follows from a little trigonometry ( see Figure 5.3 ) that the
distance from 0 to the kth bisector is given by: k'2 + rcos(0 ak). (This holds for all

relative configurations of 0 and H. A second configuration is shown with H'.)

Figure 5.3: Computing the distance from the origin to the bisector
between H and k, the kth point of the point process 1.
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By the construction of the Voronoi tesselation some of the bisectors between H and

points of c1 contain a wall of H's cell. We now show that the distance from 0 to the
nearest cell wall (first contact distance), X, given that H = (r, 0), is equal to the distance

from 0 to the nearest bisector, or:

XI[R = r,® = 01= rpin{+Rcos(®_ak)}I[R=r® = 01

= min{ + Rcos(® ak)} [(B(0,r)) = O,cb((r, 0)) = 1] (5.2.1)

Let Qk be the point on the kth bisector that is closest to 0, (d(O,Qk) = d(0, kth

bisector) by definition), and S the point on the cell boundary that is closest to 0. We
wish to show that d(0,S) = minkf d(0,Qk) }. Clearly, d(0,S) = d(0,Qk) for some k, so

it suffices to show that d(O,Qk) d(0,S) V k. But the cell is almost surely convex, so

no bisector can pass through the interior of the cell, and therefore Qk cannot lie inside the

cell boundary. Hence, d(0,Qk) d(0,S) V k. We note in passing that the wall closest to

0 must be p-visible from 0, but none of the other walls need be.

We now have:
P[XxIR=r,®= 0]

+ rcos(0 ak)} x 11(B(O,r)) = O,tJ?((r, 0)) =1]

= 1 rcos(0 ak)> x,VPk E c1(B(0,r)) = O,((r,0)) = i]

=1 > 2x 2rcos(0 a,3,VPk E C1 t(B(O,r)) = O,1((r, 0)) = i] (5.2.2)

Observe that y = a bcos(0 a) is the equation of a limacon in a polar (y,a)
coordinate system with H as origin ( since Y in (5.2.2) is measured from H ), rotated

through the angle 0 from J. If a=O and b=2r, this equation reduces to a circle of radius r

centered at 0. A limacon can take on three different forms depending on the parameters a

and b. For the boundary case a=b it is known as a cardioid. The limacons
corresponding to the equation y = 2x 2rcos(0 a), with 0=it/4, and the closed ball
B(0,r) are shown relative to one another for each of the three forms in Figure 5.4. (Note

the scale change.) One can easily verify that the set of points (y, a) that satisfy y > 2x -

2rcos(0 a) are those outside of the outermost curve, as well as those inside the loop for

the x <r case.
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Figure 5.4: Limacons given by the equation y=2x-2rcos(8a) for the cases x<r,

x=r, and x>r, when 9=/4. Note different scales; d(O,H)=r is fixed.

Note that the loop will always be contained inside B(O,r), which in turn will be
contained inside the outer curve, and as x goes to zero the loop and the outer curve will
converge to the boundary of B(O,r). Also note that the expression k'2 + cos(Oak) in

(5.2.2), which represents a distance, could only be negative if there were points of ct in

B(O,r), which we have conditioned against.

Let U1, U2 denote the shaded regions between the circle and the limacon (shown in

Figure 5.4) in the cases x r, and x r, respectively. We see that (5.2.2) translates to
there being no points of cb in U1 when x r, or in U2 when x r. Hence, (5.2.2)

becomes

Ii P[cJ?(U1) = O,i.D((r, 6)) = 1] (for x r)x R = r,® 9It1P[(u)_ O,((r,6)) = 1] (for x r)
(5.2.3)

Integrating to remove the conditioning we have:

F(x) P[x x] = f .IP[x x R = r,9 = 6]fR(r)fØ(6) drdO (5.2.4)
O=Or=O

where we have assumed that R and ® are independent. In view of (5.2.3) the integral
over r breaks into 2 integrals, one over [0, x), and the other over [x, oo).

Remark: The methods we have presented in this section should extend mutatis mutandis

to Voronoi tesselations of d> 2. (i.e. one would compute distance to bisecting
planes rather than lines, etc. This will be pursued in future work.)
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Remark: If 1 is isotropic then f8(0) = 1/2it, and if we write fR(r) as

we can express Fx(x) entirely in terms of the void

probabilities of 1. See Stoyan, Kendall, and Mecke (1987, pp. 37,43,97 ) for
discussions of void probabilities, and pertinent theorems.

5.3 FCD for the Poisson-Voronpi Graph

Consider the case where 1 is a (stationary) Poisson point process of intensity A>O.

In this case V(c1) is called the Poisson-Voronoi tesselation, and we will call the
associated plane graph the Poisson-Voronol graph: see Figure 5.5. This graph has
the property that each vertex has degree three almost surely (see Miles (1971)). This is

desirable if we wish to interpret it as a valley network or backbone, as described earlier,

since the junctions in rivers are also of degree three.

Since C1 is the Poisson point process, Slivnyak's theorem states that

P[4b has property Y =1] = P{ct' u (0) has property Y] (5.3.1)

(see Stoyan, Kendall, and Mecke (1987, Section 4.4) for proof) and tells us that the
distributions of CD(U1) and C1(U2) are unaffected by there being a point of the process at
(r,O). We also have that P[ b(U1)=0 J = exp(-XIU1I), and similarly for U2. Moreover,

isotropy gives f8(0) =lI2ic, and FR(r) is just the fed for the Poisson point process,

which is given by [1-exp(Xirr2)].
We must now compute 1U11, and 1U21, which from Figure 5.2 do not depend on 0, so

we may set 8 =0. We start with 1U21:

1U21 = ( area of limacon when x r) (area of B(0,r))

Recall that to compute the area inside a curve in polar coordinates we must integrate
one-half the square of the polar function.

lU2l = 2rcos(a)J2dcc - ,rr2

(42+2.2)_ 2422
(5.3.2)
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Figure 5.5: Rea1izaon of Voronoi tesse1aon/graph

on 300 uniformly distributed points.
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Next we compute 1U11:

lull = (area inside outer curve of limacon with x r) ( area of B(O,r))

For the case of x <r the limacon has a loop and always passes through the point H,
where Y=O, for some a = a0. We find that the outer curve is traced out when a e [a0,

2ic a0], and the loop is traced out when a [2ir a0, a0]. Setting Y=O in Y = 2x

2rcos(a), we get a0 = cos(x/r). It follows that to compute the area inside the outer
curve we must integrate from a0 to 2ir a0, or, by symmetry, we can integrate from a0

to it and multiply by 2:

i 2 2lu1l = 2f{2x rcos(a)] da

= (4x2 + 2r2)[1r cos1(x / r)] + 8xr sin(cos_1(x/ r)) r2 sin(2 coc1(x / r)) (5.3.3)

This can be simplified somewhat by observing that cos4(x/r) is always in the first or

second quadrants where sin(A) = '.1 [1 cos2(A)] , and recalling that sin(2A) =

2sin(A)cos(A). Together these give:
sin(cosl(x / r)) = .ji (x / r)2

sin(2 cos1(x / r)) = (2x / r)-/1 (x / r)2

Making these substitutions and simplifying we get:

1u11 = (41rx2 + irr2) 2(2x2 + r2)cos_1(x / r) + 6xjx2 r2 (5.3.4)

We now have everything we need to apply equations (5.2.3) and (5.2.4). Breaking

up the integral in (5.2.4) as mentioned earlier and putting in what we've found, we get:

x

F(x)= f {i_e t2)re
r

°2dr + e_J}2,tre_2dr
x (

f {i_ e_422)}2,,rre_2dr
i-=0

1e L+
r=x

2Axre'2dr (5.3.5)



Defme 1(x) J e
[27,.2_2(2x2r2) cos1(x/r)+6x11

dr
r=x

Then equation (5.3.5) quickly simplifies to:

F(x)= 1(4+I(x))e2+--e2 (5.3.6)

If we make the substitution u = tan(cos1(x/r)) we can rewrite 1(x):

r tan '(u)'+6u-4irl
1(x) = 2,rAx2 1ue_22u2+6)( (5.3.7)

u=O

This exposes the underlying dependence on the quantity A.x2, and can be integrated
numerically. 1(x) for X=1 is shown in Figure 5.6. We can also differentiate Fx(x)
numerically to obtain fx(x); both curves are shown in Figure 5.7 for X=1, along with the

fcd for the grid of unit squares from Section 2.3.

1

40.8

0.6
1(x)

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1

x

Figure 5.6: Plot of the function 1(x) vs. x, for the case X=1.
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Figure 5.7: Plot of the FCD for the Poisson-Voronoi graph when ?=1, the
corresponding density function, and the "fcd" for a grid of unit squares.

Remark: If we take ? = 1, the density curve obtained by differentiating the fcd for the

Poisson-Voronoi graph compares very closely with what we found for the grid of unit

squares, as can be seen in Figure 5.7. This similarity is partially explained by (5.4.10) in

Section 5.4. Both graphs have the same asymptotic length per unit area, of 2, and
happen to have almost the same product of vertices per unit area times

E[cot(a1 / 2) + cot(/31 / 2) + cot(71 / 2)], of 4. From Figure 5.7 and the results of

Section 5.4, we see that higher order terms don't play much of a role, or that g(x) is
small. We might expect higher order terms to be more important (leading to a fatter tail)

in a (non-Poisson) Voronoi tesselation where the variance of the cell size is larger.
Notice also that for ?. = 1, the defining point processes for both have the same mean
number of points per unit area of 1, but the grid of unit squares has degree four while the

Poisson-Voronoi graph almost surely has degree three (see Miles (1970)).

Remark: Buffon (1777), one of the first to compute geometric probabilities, investigated

a betting game called "clean tile," in practice in the 18th century, where a coin (circular

disk) was tossed onto a floor paved with equal tiles. Player 1 would win if the disk
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landed so as not to intersect one of the cracks between tiles (landed cleanly ), while
Player 2 would win if it landed so as to intersect a crack. It was desired to find the disk
radius or tile dimensions required to make the game fair. Buffon considered the regular

tesselations of our earlier example, as well as other tesselations by tiles of equal shape,

such as diamonds. (See Solomon (1978) for further details and related problems.)

Ergodicity for the Poisson-Voronoi graph parallel set will be shown in a forthcoming
paper. Taking 'P to be the Poisson-Voronoi graph, it follows from (5.1.4) and (5.1.5)
that in the limit of large floors the probability that a disk of radius x intersects a crack is
the same for all realizations of the random tesselation outside a set of measure zero, and is
given by (5.3.6). By setting this probability equal to one-half, X=1 and solving
(numerically) for x we find that the disk radius that gives a fair game is approximately x =
0.1466. Alternately, if the disk radius is fixed say the disk is a quarter - we could, in
principle solve numerically for the ?. that gives a fair game.

For comparison, Miles (1970, p. 114) gives the expected area of a "typical" cell in
the Poisson-Voronoi tesselation as 1A. For a grid of squares with the same expected cell

area, or with sidelength ..,ji / A,), x = (1 / 2)[.J(1 / A,) J(i / A.) (1 / 2)1 gives a fair

game. This reduces to 0.1464 for A=1.

5.4 Comparison to General Approach of Section 2.3

It is of interest to compute the first few terms of the Taylor series expansion of Fx(x)
and compare to what we get when we apply the general method introduced in Section

2.3. Since the integral is with respect to (w.r.t.) r, we may differentiate w.r.t. x inside
the integrals of (5.3.5). After differentiating, we can evaluate at x=O and then only the
second integral will remain. Recall that:

I U1(x)I = (4,rx2 + ,rr2) - 2(2x2 + r2) cos1(x / r) + 6xJx2 r2 (5.3.3)

We then have:

F(0) =
{

d [ -IUi(x)I]}
2A.re2dr (5.4.1)e

r=O
dx

x=O

Here we are viewing U 1(x) as a set that depends on x. To simplify notation we will
temporarily replace IUi (x)t by g(x). If written out, each term of the derivative in braces
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contains the factor and derivatives of g(x). But g(0) =0, so this factor is 1 and we
are left with a function of the derivatives of g(x), evaluated at 0. Hence, the first,
second, and third derivatives of eW1T, each evaluated at 0, are given by:

d
[

Wi(x)I]I =g'(0)=82r (5.4.2)e
dx

d2

[
Lhi = [g'(0)]2 + g"(0) = + 4,r2 (5.4.3)-- e

d3 -xIui(x)]I [g'(0)]3 + g'(0)g"(0) + g"(0) 5 12(2r)2 + 32 ,r)r 24)r1 (5.4.4)

Inserting these into (5.4.1) and performing the integrals we get:

Finally, we have:

F1(0) = 4V (5.4.5)

F2(0) = 4A. (r 16 / ir) (5.4.6)

F3(0)=(512/Jr), 8ir2) (5.4.7)

F(x) = F,"(0)x + F2>(0)(x2 / 2) + H.O.T.
= 4[x+2.t(jr_)x2+H.O.T.

4x - 3.9x2 + H.O.T. (for 2i =1) (5.4.8)

where H.O.T. refers to higher order terms.

We now compare to what we get using the general method of Section 2.3. Let G be a

realization of the Poisson-Voronoi graph. As in the example of the regular tesselations,
let (K } be an increasing sequence of compact convex sets such that D(K) goes to
infinity with n, L = L(G r' Ku), A = IKI, and N = (number of vertices of G contained
in Ku). As mentioned earlier, Miles (1970) gives that each vertex of the Poisson-

Voronoi graph has degree 3 a.s., and since the cells are a.s. convex we must have that all

junction angles are it, so we may apply (2.3.3): (ignoring higher order terms)

IIG n K L
1 [x N,

I

a
lim lim 2x{ [i- - cot

+[ J
+ cot[-J]}

IK i [AJ 2' 2)
1N 1 1CO/')+= 2x Iim11 x2lim cot'+ cot(2.)]} (5.4.9)

A J N j=1 L 2) 2)



Since both limits will be found, the limit of the product equals the product of the
limits. We conjecture that a strong law of large numbers holds here. (In fact, this will
follow from the ergodicity of the Poisson-Voronoi graph parallel set, to be shown in a
forthcoming paper.) If so, we get:

= 2x limT-4 x2 iimL4 EF tIL') + cot1L" + 1'"il a. s. (5.4.10)n-AJ °"1AJ L 2} 2)
The remaining limits are known for the Poisson-Voronoi tesselation (see Stoyan,

Kendall, and Mecke (1987, p. 274)) to be 2h and 2? in order of appearance, so it
remains to compute the expected value in (5.4.10). After ergodic arguments, Miles
(1970) gives the joint probability density function for a "random" pair of junction angles
(note = 21t-a-l3j) at a "random" vertex in the Poisson-Voronoi graph, as:

f(a,/3) = sin(a)sin(/3)sin(a +13), (a <it, /3 <it, a +/3 > iv) (5.4.11)

Integrating over yields the density function for a typical junction angle, given by:

f(a) = sin(a)[sin(a) a cos(a)J, (0 a iv) (5.4.12)

This function is shown in Figure 5.8.
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Figure 5.8: Plot of the ergodic junction angle density

function for the Poisson-Voronoi graph.
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It follows that the expected value in (5.4.10) is:

,

El cot' _L I + cot / + cot /
r L1=j Si coq i+cot+cotlf(a,)d13da
[

2) 2J 2)j
[ ) 2)

Using the identity cot(A/2) = [(1 + cos(A)) / sin(A)] the double integral is straight-
forward ( although somewhat tedious) and yields:

/3. (16
El cotl _L. I + cot ' + cot ' =i--irl (5.4.13)

L2) [2) [2J 2V

Inserting this and the values of the limits into (5.4.10) yields:

lim 1IG r KnIl
= 4Jx + 2)L + g(x) (5.4.14)

-1 JK
J

which agrees perfectly with the Taylor series expansion obtained for Fx in (5.4.8), and

hence implies that a power series for g(x) has no terms of lower order than 3 for the

Poisson-Voronoi graph.
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